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Abstract 

We describe the four most famous versions of the classical canonical formalism in 
the Einstein theory of gravity: the Arnovitt-Deser-Misner formalism, the Faddeev-Popov 
formalism, the tetrad formalism in the usual form, and the tetrad formalism in the form 
best suited for constructing the loop theory of gravity, which is now being developed. We 
present the canonical transformations relating these formalisms. The paper is written 
mainly for pedagogical purposes. 
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1. Introduction 



The most direct method for constructing a quantum theory is to quantize the corresponding 
classical theory written in canonical form. Different equivalent canonical formulations of the 
classical theory may then lead to not completely equivalent versions of the quantum theory In 
complicated cases, it is therefore beneficial to use different methods to represent the classical 
theory in canonical form before quantization. In particular, this concerns the theory of gravity, 
whose final quantum form has not yet been found. It is not improbable that choosing an 
appropriate classical canonical formulation, we can here approach a satisfactory solution of the 
quantization problem. Precisely this approach underlies the so-called loop theory of gravity 
(see [1] and the references therein), which is currently being developed. 

In this paper written mainly for pedagogical purposes, we describe several well-known equiv- 
alent classical canonical formulations of the Einstein theory of gravity and relations between 
these formulations. We first consider the Arnovitt-Deser-Misner (ADM) formalism |2]. We 
then use the canonical transformation to pass to the Faddeev- Popov (FP) formalism [3]. We 
next use a change of variables to introduce the frame (tetrad) formalism in the usual form. 
Finally, we use the canonical transformation to reduce this formalism to the form underlying 
the loop theory of gravity pp. 

We do not consider the problem of quantizing gravity here and restrict ourself to only 
several remarks on this subject, but the information presented here can be useful in studying 
this problem. 

2. The ADM formalism 

First, we consider the classical ADM formalism [2j. Let x^ be coordinates in the Riemannian 
space-time (/i, u, . . . = 0, 1, 2, 3). The coordinate x° = t is called time (we set c = 1, where c 
is the speed of light). We assume that all hypersurfaces x° = const are spacelike. The space 
coordinates are denoted by x % (i, k, . . . = 1, 2, 3). We use the metric signature (— , +, +, +). 

We fix a hypersurface x° = const and let £ denote it. In the coordinates x % the three- 
dimensional metric induced on E coincides with the three-dimensional part of the four-dimensio- 
nal metric. We let f3ik denote this three-dimensional metric and introduce (3 lk by the condition 

frk(3 M = S\. (1) 

Then 

Pik = 9ik, (2) 

pik = g ik_9_9_ i (3) 

where g^ v is the four-dimensional metric and g^ v g v \ = 8\- We introduce the notation 

g = detg^ u , (3 = det f} ik . (4) 

As usual, 

R a p a & = ^7 r 5/3 ~ <% r 7/3 + r 7p r 5/3 ~ ^Sp^-y^ ( 5 ) 

Rf38 = R a /3,aS, (6) 
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R = 9 p6 Rp&, (7) 
where are the Christoffel symbols constructed from the metric g^ u by a known method. 

(3). (3). (3) (3) 

We determine the quantities T l kl , R % k,im-, Rim, R, formed from difiif., d m di(3ik precisely as 
the quantities Pg , R a p^s, Rps, R are constructed from g^ u , d a g^ V) d a dpg^ v . We introduce the 

(3)' (3). 

covariant derivative Vj acting on £ by the connection T l H just as the derivative V M acts on 
the entire space-time by the connection Pg . We determine the second fundamental tensor 
of the hyper surf ace S: 



K ik = K, 



hi 



n r 



1 



-9 



oo 



ik 



(8) 



where the field n^{x) of unit normals to the surfaces x 



n, 



-5° - 



const is determined by the relations 
,o A , 
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oo 



We have the identity 



_ /(3) \ 

-gR = ^~g f R + K\K\ - {K\f\ + 2<9 7 (v^f^Vj^ - n s \7 s n^)) 



(9) 



(10) 



where K\ = (3 Kki- The simplest derivation of this identity is based on the well-known Gauss 
formula relating the curvature tensor of the hypersurface to the curvature tensor of the ambient 
Riemannian space. 

We consider only the gravitational field not interacting with other fields because all specific 
features of the problem can be clearly seen in this case. We start from the action of the 
gravitational field 



S 



d xL 



where 



1 



11' 



(12) 



Here x = 8717, 7 is the Newtonian gravitational constant, and A is the cosmological constant. 
Otherwise, 



L = 2^^ {R " 2A) + 2^ 7 if^ ~ g ^ T 

whence we use identity (jTOl) to obtain 



a/3 



(13) 



1 

2x* 



-g [R + K\K\ - (K t 



If 



2A + 



(14) 



In the case of a closed universe, we can here omit the divergence, and in the case of an island 
position of masses in an asymptotically three-dimensionally flat space-time, it suffices to only 
take into account the essential part of the divergence equal to 

1 



2x 



(d k dkl3 u - didkpik) 



(15) 
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In the last case A = 0. We often omit the divergence and assume that the universe is closed 
for simplicity; we also often omit the A term. 
We choose the quantities 

A* = 9ik, N = — Ni = g 0i . (16) 

V-9 00 

as independent ADM field variables. In what follows, the subscripts i,k, . . . are raised and 
lowered by the three-dimensional tensors (3 lk and (3i k . The following relations hold: 

ivri ivrk ivrk 

g ik = (3i k , ff* = ^--j^-, 9ok = N k , 9° k = j^, (17) 

goo = -N 2 + N k N k , 9°° = -^, V^ = N^/P, (18) 

1 7V* 

n, = ~5°N, n° = -, n* = -—, (19) 

1 /(3) (3) 



= ^ + V k N t - d f3 lk j . (20) 

In these variables, Lagrangian density (fl4"|) with the divergence omitted becomes 

& ADM) = N ^P M K l3 K kl + ^ " 2A) } , (21) 

where 

tfW = 1 / v^A ^ifc^i + ^flgi* _ 2 £ii£«) . (22) 



4 V 2 *, 

It is convenient to introduce the symbols 

S iL = g Wft + C^f) (23) 
and to determine the quantity 3ij,ki using the condition 

3 ij ' k %l,mn = Slim- (24) 

In this case, we have 

3ij,kl = (y^J^j (PikPjl + PilPjk — PijPkl) j <Jij,iW = = #ji,fc; = 3ij,lk (25) 

and similar relations hold for 3^' ■ We again omit the inessential part of the divergence arising 
in the expression for L. 
We set 

L= J d 3 x^ ADM ^ (26) 

x°=const 
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and determine the conjugate momenta, 

p( ^=mtm> (28) 

P» lx ) = 51 = 9C<ADm (29) 

where 3 ) and S/S() is the three-dimensional variational derivative. We immedi- 
ately obtain the primary constraints 

P (7V) (x)=0, pW(i) = 0. (30) 

We solve these constraints explicitly, i. e., we set p( N > and P'^*' equal to zero everywhere as 
they are encountered. Next, 

= ^- %V = -2^Kun, (31) 



hence 



and according to ( !20l . we have 



— —-^likj.mP 1 ™'-, (32) 



(3) (3) 

^oAfc = V,iV fc + VfcAT, - 2NK ik . (33) 
The density of the generalized Hamiltonian is equal to 

We again omit the inessential addition to the divergence and obtain 

^(gen) = N:Ko + (35) 

where 



= ^ ik ,imP P + [ t£ ) [ ~R + 2A ) , (36) 



^(3) fP ls \ 



(37) 



and we take into account that P ls / \fft is a tensor. 

The density of the first-order Lagrangian is equal to 



We add the essential part of the divergence and obtain the relation for the island position of 
masses in asymptotically three-dimensionally flat space: 



L (ADM) = pittas _ ^(gen) = _ ^ _ ^ _ J_ (dfafa _ d k d k P U ) • (39) 
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We vary L^ DM ^ in N and N l and obtain the secondary constraints 

% Q (x) = 0, %i(x) = 0. (40) 
In the case of the island position of masses, the total energy reduces to the surface integral 

i/t0tal = 2^ / d ' X ^ ldAk ~ dMi) ' (41) 

and we now obtain 

% ( 9 en) = n<Kg + Ni<K . + _L (d t d k P ik ~ d k d k (3 U ) . (42) 

In the case of a closed universe, the total energy is zero. 

We introduce the Poisson brackets. If F 1 and F 2 are two three-dimensional functionals of 
P ik and P lk , then 

f 3 / 5F\ 5F 2 5F 2 5F\ \ 

{ u 2i 7 X \5(3 ik (x) 6P*(x) 5f3 ik (x) 6P*(x)J ' 1 } 

where S/SQ is the three-dimensional variational derivative. Obviously, 

{Fi, F 2 } — — {F 2 , Fi} , (44) 

{Fx, {F 2 , F 3 }} + {F 2 , {F 3 , F ± }} + {F 3 , {F 1? F 2 }} = 0, (45) 

{F, F 2 F 3 } = {Fi, F 2 } F 3 + F 2 {F 1 , F 3 } . (46) 

We next use the notation 

f = f(x), / = /(*). (47) 

In this notation, we obtain 

[p ik , P lm }=6 l ™6 3 (x-x), (48) 

ftm} = 0, {P ifc , F' m }=0. (49) 

The following relations hold: 

{jCi, = K k di5 3 (x -x)- 'Kid k 8\x - St), (50) 

GKo} =^ ^ 3 (a;-x), (51) 
{^o, ^o} = (3 ik 'K k d i 5 3 {x - x) - (3 ik K k di5 3 (x - x), (52) 

where di — -J==j. Clearly, all the constraints in the classical theory are of the first kind. No new 
constraints arise. 
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The constraints IKj are generators of three-dimensional transformations of coordinates on 
the surface S. Indeed, after the change of coordinates 



x l ^x' l + C(x), (53) 
where £*(x) are infinitely small, we have 

(3) (3) 

Sp ik = I3' ik {x) - I3 lk {x) = - V fc & (54) 

5p4fc = p'ifc^) _ p*( x ) = (d£)P lk + P il d£ k - d z (P ifc £ z ). (55) 
It can be verified directly that 

| J d 3 x KiC, (3 k i\ = S(3 kl , | j d 3 x P fc '| = 6P kl . (56) 

Correspondingly, the constraint !Ko generates displacements of points of the surface £ along 
the normal to S. In this case, the variations in f3n~ and P tk correspond to the solutions of the 
Einstein equations. 

We make several remarks about quantizing the described theory. Under quantization, the 
variables and P lk are replaced with operators satisfying the conditions 

\p ik ,P m \=i8 l £8\x-x), (57) 
[P lk ,P lm \ = [P th ,P lm ] = 0. (58) 

Because constraints (1361) and (!37|) are too complicated to be solved explicitly, these constraints 
are usually imposed on the state vector. The theory thus obtained is consistent only under the 
condition that the commutators of the constraints are equal to linear combinations of these 
constraints with coefficients placed to the left of them. After quantization, the constraints sat- 
isfy commutation relations of form fl50|) - fl52|) with the bracket { } replaced with —i\ ]. But the 
order of the factors f3i k and P lk chosen in the expressions for the constraints is now important. 
It may happen that the result of commuting the constraints contains these factors not in the 
order originally accepted in the constraints and the coefficients of the constraints may arise 
not only to the left of them. It is easy to see that this does not occur in quantum analogues 
of relations (1501) and (I5T1) . and these relations preserve the form after quantization (up to the 
change { } — > — i[ ]). In particular, the latter is due to the abovementioned geometric sense 
of the constraints !Kj as generators of transformations of three-dimensional coordinates. This 
sense is completely preserved under quantization. 

The situation with the quantum analogue of relation (|5^|) is quite different. If the operators 
in the constraints 'Hq and %i are located such that these constraints are Hermitian, then the 
quantity — i[!Ko,^Ko] obtained from the quantity {!Ko,CKo} is also Hermitian. This means that 

the non- Hermitian expressions ^ %kc }i k cannot appear on the right in an analogue of relation (1521) 
(we take into account that (3 lk and 3i k do not commute). The most that can be obtained for the 
commutator — i["Ko, ^o] by choosing the order of the factors in !Kq and ^K k without violating 
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the Hermitian property is an expression of the form 




x — x = 



(59) 



where (...) and (...) are some nonzero operator- valued functions. The symbols <5 3 (0) arise 

from commuting the operators f3 lk and 'H^ or f3 lk and 'Hk taken at the same point. 

Clearly, an expression of form (|59|) containing the product 5 3 (0)di5 3 (x — x) does not make 
sense. A meaningful expression can be obtained from it only by regularization. This raises the 
question of the possibility of choosing a regularization such that the extra terms in expression 
( J59l) become zero and the general covariance of the theory is reestablished after the regulariza- 
tion is removed. But a unique answer to this question has not yet been obtained. In several 
published works, the problem of regularization and its removal was studied insufficiently rig- 
orously. An explanation for this is that the regularization methods were studied in detail only 
in the framework of the perturbation theory. But the problem is posed beyond this framework 
here. 

Although there is still a certain ambiguity in this problem, the theory of gravity was quan- 
tized by the path-integral method by analogy with quantizing non-Abelian gauge theories (see 
[3] and the references therein and also [1]). If a satisfactory perturbation theory were thus 
obtained, then its consistency could be verified directly in the framework of the Feynman di- 
agram formalism, and this would suffice. But it turned out that the constructed perturbation 
theory is unrenormalizable. Under these circumstances, different approaches for constructing 
the quantum theory of gravity are now being developed; the most well-known approaches are 
superstring theory (see, e.g., [5]) and the so-called loop theory of gravity pQ. 

We also note that the above difficulties in closing the constraint algebra after quantization 
are also typical of other versions of the canonical formalism in the theory of gravity, which are 
described below. 



We now consider the classical canonical FP formalism [3]. We first introduce the quantities 



in terms of which the subsidiary harmonic coordinate condition can be simply written as 
d l j i h^ v = 0. For the original variables, we take the functions 



and we write q = det q lk in what follows. Moreover, we preserve the functions iV and N l 
contained in the ADM formalism. 



3. The FP formalism 




(60) 



q lk = h 0t h k0 - h m h lk } 



(61) 
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The ADM and FP formalisms are related by the canonical transformation 

q lk = /3f3 tk = \e am e k ^(3 ln (3 mp , 

nik = — \n rn dik.lmP lm = P 1 ( ~ flik Am — Pilflkm J -P'™; 

R - ^ P J n n m V 

v ^ 



(62) 



(63) 



where 7r^ are the momenta conjugate to the generalized coordinates q lk , e^i is a completely 
antisymmetric symbol, and £123 = 1. In this case 

7C tk d q lk = P tk d (3 ik , (64) 
[q tk , llm )=5] k J\x-x) ) (65) 



q l \ q lm j=0, [n lk , n lm j = 0. (66) 
In the FP formalism, the density of the first-order Lagrangian has the form 

^S FP) = ^ k d q lk - NXo - N'-Ki + ^-d t d k q lk , (67) 

where we write the part of the divergence that is essential in the case of the island position of 
masses in an asymptotically three-dimensionally flat space-time. Now 

9 X fl l/4 /(3) \ 

^0 = {q lp q mq ~ q lm q pq ) W pg - |^ I R - 2Aj , (68) 



9 /(3) (3) \ 



(69) 



(3) 

where we must express {3 ik in R in terms of g according to (|63|) . 

The quantities IKo and J{j continue to satisfy relations (150]) - (152]) . and the geometric meaning 
of these quantities is preserved. 

4. The usual frame formalism 

We now consider the frame formalism. At each point of space-time, we introduce four 
mutually pseudo-orthogonal normalized vectors e^(x), where the subscript A numbers the 
vectors (A = 0,1,2,3), the superscript \i numbers their components in the coordinate basis 
(/i = 0, 1, 2, 3), and x = {x°, x 1 , x 2 , x 3 }. We assume that 

e f X(x)g t , l/ e B (x) = rj ABl (70) 
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where r\ AB = diag(— 1, 1, 1, 1). We also introduce the variables e A (x) by the relation 

ejM = (71) 

It follows from relations flTDl and flTTj) that 

g»v(x) = e A r] AB e B . (72) 

We substitute this expression in expressions ffTTj) and f[T2l above for the action of the gravita- 
tional field and regard e A (x) as functions describing this field in what follows. We thus obtain a 
theory invariant under two groups of transformations: general coordinate transformations and 
local Lorentz transformations of the variables e A (x). The last transformations have the form 

e>i(x)=w A B (x)e2(x), (73) 

under the condition 

T) A Bio A D (x)u B ' E {x) = r] DE . (74) 

Relation (T7l"|) ensures the invariance of the metric <? M „(a?) under such transformations. The 
variables e A and e A are called frame parameters. 

Each vector referred to the coordinate basis is assigned a vector referred to the frame basis 
according to the rule 

a A = e^a M , a A = e^a M . (75) 

The tensors T^''"'g'"', which vary in the indices (/,,...,!/,... as usual under the change of coor- 
dinates and which are transformed by the Lorentz matrices in the indices A, . . . , B, . . . under 
the change of parameters e A according to (173|) . can be introduced similarly. The tensor indices 
A, . . . , B, . . . are raised and lowered using the symbols r\ AB and rj AB . 
The covariant derivatives are introduced as usual, 

VX = <9X + r >°' V M a, = d»a v - a Q T a ^ (76) 



V^a A = d^a A + A A B a B , V^a A = d„a A - a B A B A (77) 
(and similarly in the case of tensors). Under the assumption that 

V/ = 0, V^ = 0, V, V AB = 0, (78) 
we establish the relation between T" and A^ A B : 

T^ = e^ A A a A B e B + e^ A d a et (79) 

A a A B = e A V^e B + e A d a e% (80) 

where A a A B is called a frame connection and T^ v is called a coordinate connection. 

The frame connection is similar to the gauge field with a Lorentz structure group. Therefore, 

A a A b = A a AD VDB , (81) 
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where A a AD = —A a DA . If A a is understood as the matrix A a A B , then we can construct the 
analogue of the field strength 

= d, t Au - d u A^ + A^A U - A u A fl , (82) 

and, moreover, 

R a ' $,p,v = e A.Fnv, -B e f • (83) 

It is necessary to use the frame formalism to describe spinors in the Riemannian space-time 
because the spinor representations of the Lorentz group cannot be extended to the representa- 
tions of the total linear group. Therefore, the spinors cannot be referred to the local coordinate 
basis; they can only be referred to the pseudo-orthogonal frame basis. But we use the frame 
formalism for a different purpose in what follows. As before, we assume that the gravitational 
field does not interact with other fields. 

To remove the gauge arbitrariness completely, we must additionally impose four coordinate 
and six frame subsidiary conditions. We use this possibility and remove only part of the frame 
arbitrariness using the three conditions 

<<,)(*) = (84) 

where n^(x) is the normalized normal to the surface x° = const at the point x (see relations 
(JHJ)). Hereafter, we enclose the frame indices in parentheses if they are written as numbers 
and write the coordinate indices without parentheses in this case. Relation f lH^l) contains only 
three conditions because the vectors and ej^ are normalized. After conditions (I84p are 
introduced, the theory remains invariant under the semidirect product of the group of gen- 
eral coordinate transformations and the group of three-dimensional orthogonal transformations 
(i. e., the Lorentz transformations under which the vector e^(x) = n^(x) remains unchanged). 

On each surface x° = const, we introduce the ADM variables /3j& = g^, iV and N l . Next, 
i,k,... are three-dimensional coordinate indices (i,k,... = 1,2,3), and a,b,... are three- 
dimensional frame indices (a, b, . . . = 1, 2, 3). By conditions flH^l) . the frame parameters c\ and 
e A can be expressed in terms of e z a , e°, iV and N l as 

4) = ^> e ° = ' e (o) = -^' e o 0) =^, eS 0) = 0, e a = etN\ (85) 
In this case, not only 



but also 
We set 
and then 



efa = S;, (86) 
= 51 g ik = (3 ik = <e£, (f k = c\c k a . (87) 
e = det e", 



P = e\ (89) 



Having in mind a possible application to the loop theory of gravity, for the main variables, 
we take the functions 

Ql = ecl = ^Pel N, N t . (90) 
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We set 

Q = detQl (91) 

and 

Q = P. (92) 
We define the quantities Qf by the relations 

Q1Q k a = <t (93) 

The vectors Q l a (as well as e l a ) are tangent to the surface x° = const. It follows from relations 
(|87p that the indices a,b, . . . can be raised and lowered using the symbols 5 ab and 5 ab . Therefore, 
there is no difference between the superscripts and subscripts a, b, and they can be written for 
convenience. 

We develop the canonical formalism on the hypersurface x° = const in terms of the three- 
dimensional variables Q l a , N, N l , preserving the notation £ for this hypersurface. The simplest 
way to the goal is to start from the FP formalism (see Sec. 3). According to formulas ( 1621) . (1871) 
and (J90l) . we have 

q ik = k = ^ k a = Q\Q k a . (94) 

We substitute this expression in FP Lagrangian (1671) and first assume that 71^ and Q\ are 
independent. We see that 

n ik d q lh = 2n lk Q k a d Ql (95) 
and the variables Q l a are thus assigned the conjugate momenta 

yi = 27r lk Q k a . (96) 

We hence have 

But TTik = it hi, and the new constraints 

Qm - Qt7 a k = (98) 

therefore appear. In view of relations (I9"3"|) . this is equivalent to the three constraints 

$ a = £ afec Q*T^ = 0, (99) 

where e abc is completely antisymmetric and e 123 = 1. 

The action of the frame formalism can now be written in the canonical form 

S§ amc) = J d 4 xLf™ me \ (100) 

where we take the new constraints into account using the Lagrange multipliers A a . We assume 
that in FP formulas (1681) and (1691 for 3i and !K iy the variables q lk and n ik are expressed in 



12 



terms of (P° and Q % a a according to (19~4|) and (19"T|) . Hereafter, for simplicity, we do not write the 

(fra 
(1) 



divergence in £^ r , ame ' ) and consider the case of a closed universe. We have 



^° = i (tI) (g * g ^ - (g "^ )2) - (2^) (* - 2A ) ' (102) 

, /(3) (3) \ 

0U = Qi[ V fc T« - , (103) 



(3) 

where as before is the covariant derivative on the hypersurface x = const containing the 

(3). (3) 

connection coefficients T l kl and Ai a b expressed in terms of Q a and Q%. 

(3) 

The coefficients Aft, are determined by analogy with formula (|80|) by the relations 



We can verify that by condition 



(3) (3) 

AA = <r^-eK (104) 



(3) 

A k \ = A k \ (105) 



where Ak a b is the three-dimensional part of the four-dimensional connection A^ A b- The quan- 
tities Ak a b form an SO (3) connection. Therefore, 

A k \ = A k ab = -A k ba = e abc Al (106) 

where 

A c k = l -e cah A k ah . (107) 

It follows from formulas (1901 and fl92|) that 

4 = Q~ 1/2 Ql e? = Q l ' 2 Q a t . (108) 

Substituting this in relation (j!04p and taking expressions (11051) and fllQTf) into account, we 
obtain 

A c = \z cah ({dkQt - d,Qt)Q k b - Q l a {d l Q d m )Q'^Q d + Q b Q k a Q l d d k Q d ) = 

= X -e cah (Q a k diQ kb + Q d Q ka (Q b d k Q ld + Qfd k Q lb ) + QlQ kb Qfd k Q ld ) . (109) 
Letting A k denote the matrix A k ab , we can determine the three-dimensional field strength 

(3) 

F ik = d i A k -d k A i + A i A k -A k A i . (110) 

In this case, the relations 

(3) (3) (3) (3) 

F lk ab = e ahc F lk \ Rl lm = e\F lm ab e\ (111) 
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hold. 

The canonical variables now satisfy the relations 

{qi ? b k } = 6i6 a b 6 3 (x - x), |gl, g, fc } = o, {?l n} = o. (112) 

The symmetry condition ir^ = n k i in the framework of the formalism considered in this section 
is satisfied because of constraints fl99l) . while this condition holds in Sec. 3 by definition. The 
Poisson brackets relating 71^ and 7ii m differ from those introduced in Sec. 3. We now have 




(113) 



but 

{^k, lim} = \Q h k Q h m QiQ c l e cda ^ a 5\x - x). (114) 

New terms therefore appear in the right-hand sides of relations with Poisson brackets fl50|) - 
f lolZj) . but all these terms are proportional to the constraints $ a . Moreover, 

= e abc <S> c 5 3 {x - x), |$ a , H } = 0, |$ a , H^ = 0. (115) 

Therefore, the classical algebra of constraints is closed, and all the constraints Ho, H and $ a 
are constraints of the first kind. 

Instead of the constraints H it is convenient to introduce the constraints 

H[ = % + A^ c = Q bk (d k 7 b - d^l) + (d k Q kb )T b = 0. (116) 

We can verify that the quantities H[ generate transformations of three-dimensional coordinates 
without changing the frames as geometric objects and the quantities $ a generate rotations of 
frames without changing the coordinates. 

The algebra of constraints in terms of the quantities Ho, H[ and $ a has the form 

H' k } = %' k d i 5 z (x -x)- %' i d k 5 z (x - x), 
fa, H } = H di5 3 (x -x), 

[h , H ) = Q&Xd^ix -x)- QlQXdJ^x -£) + (.. .) a $ a - (. . .) a f, 

| $ a ) = £ abc ^> c S 3 {x-x), 

H[} = -<S> b di5 3 (x-x), 
{<T, H } =0, (117) 

where (. . .) a are certain expressions composed of Q l a and CP". 
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5. The formalism used in the loop theory of gravity 

We now turn to the canonical formalism underlying the loop theory of gravity. We can 
readily verify that three-dimensional frame connection fl 1 9 [) admits the representation 

* = (118) 

where 

F = \ j d 3 xe abc Q l aQ b AQ kc . (119) 

x°=const 

Here. Ob (.Ob ■ Ob . Ob 3 ), and S/5Q l a a is the three-dimensional variational derivative. Because 

PTM, I\Qt\) - (120) 

where f[Q\] is an arbitrary functional of the functions Q*(x), we have 

{?L 5} = A f m } • (121) 
This permits performing the canonical transformation 



rpa y rp>a = rpa + bA a^ 



where b is a number called the Barbero-Immirzi parameter. This parameter can be assigned 
any value. By (I12ip . the condition 

{??, at} = 0. (123) 

holds. Because Af depends only on Qf, the relation 

{Ql y£)=5l5 b j\x-x) (124) 

is also satisfied. 

After (I122p . we can perform one more canonical change of variables: 

Z a — K = -bQl (125) 

Under the change of the three-dimensional coordinates on the hypersurface x° = const and 
of the frames satisfying condition (1841) all the time, the quantity transforms as the frame 
connection Af. Therefore, the path integral 

trW(C) = trPexp | - j dx i B { ] , (126) 
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where Bi is the matrix with the entries Bf b = e abc B\ and the integration is over a closed path 
on the hypersurface x° = const, is invariant under the 5*0(3) frame transformations generated 
by the constraints $ a . This fact underlies the loop theory of gravity in which the quantities Bf 
and 11^ are used as canonical variables. 
It follows from formulas (1125p that 



{ = — IT 



where 



A? = A? 



7« = b(B?-A°), 



(127) 



(128) 



We substitute this expression in action (11011) . take (11021) and (11031) into account, and write the 
result in the two forms 

S 1 = I d 4 x £ X) (129) 



where 



Li = Uid Bf - N"H' - N H 3% - A /a $ a = 
= Il^doBf - N'"K'q - N ,H W{ - A" a $ a , 



, (3B) / TT 

$ a = - (diUi + e abc B^Ul) = -V=n Vi 



= -An* , 



(130) 
(131) 



.(3) 



%' k = % k + A a k <S> a = -KFUB) + B b k & 



(3) 1 / (3) \ 

% = W a U k b e abc F c tk (B) + 4r 3 ^n ^(1 + x 2 6 2 ) i? - 2Aj , (132) 



Here, 



aril 



aril 

Ji 



(3) 

-IT c F< fc (£) + B b k &, 

(3) 

nin 6 fc e a6c F^(s) - 



-(i + x 2 6 2 ) (n fe fc n<(^ - A c fe )(£f - ad - {u k b (B b k - 4)) 2 ) - 2&- 1 An. (133) 



4 \VQJ 

A'" = A" + ^( ] Q fe <X^ a - + ftxe^iJV, 



AT" 



4 V\/Q 
N 



K = N k , 



(2x)6 2 v^' 

A //« = A a _ ^fc^fe _ N ((2 K )b 2 yfQ)~ l Q k d T f k s dfa - 2 ((2x)&) _1 ej&W, 



n = det rr 



F%\B) = d t B k - d k B t + B t B k - B k Bi, 



Ql=-b-^ni 



(3) (3) . 

R = R(Ql) 



(134) 
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(3) 

Bi, Fik are matrices with the entries 

(3) (3) 

Bf = e ahc Bl Ft = e abc F c ik , (135) 

(3B) 

and Vj is the three-dimensional covariant derivative with the connection Bf. 

We can see that the expressions for and "Kq are drastically simplified and become equal 
to each other if we continue the theory to the complex domain and set 

b = ^in. (136) 

According to (I125p . we then have 



But in the frame basis where = ri/ 4 , the relations 



Bt = A\ ± zxO\ c . (137) 

— ^ 

(0) 



A ( ° )C = NT° tk e k c = -K ik e k , (138) 

hold, and then 

n lk = j^-^K tk} y\ = 2ix lk Q k = -K lk e k = --Af )c , (139) 

which implies that relation (11 3 7ft becomes 

Bf = A\ =f iAf\ (140) 

i. e., 

Bf = Af T ie abc Af )c . (141) 

We can introduce the fields 

A AB(±) = A AB -p ^BE^^FH^ ^ 

whence 

Af (±) = Af t ie abc Af )c . (143) 
The fields A^ B ^ satisfy the self-duality (anti-self-duality) conditions 

= T-V AD V BE s D efhA f ^\ (144) 

and 

A AB = A AB( + ) + A AB(-) (145) 

Therefore, the expressions for J{' and IKq are simplified if 

e; 6 = ^ 6(+) (146) 

or 



B* = Af~l (147) 
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In this case, all the constraints depend polynomially on the variables Bf and H % a . But to return 
to the real domain, the complicated condition 



Bf + Bf* = 2A(Q) (148) 

Qi=-b-mi 

must be satisfied, where * denotes complex conjugation in the classical case and Hermitian 
conjugation after quantization. Because condition f!148j) is complicated, it is currently preferred 
to construct the loop theory of gravity for a real value of the parameter b for the case in which 
the constraint "K'q (or !Kq) is very complicated. 

The above classical canonical formulations of the theory of gravity have found and continue 
to find application in studying the problem of quantizing this theory. 
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